
​Analytical Solution for the Stress​
​Distribution Around a Circular Hole in an​
​Infinite Plate Under Biaxial​
​Tension-Compression Loading​

​I. Introduction to the Problem of Stress Concentration​
​in Biaxially Loaded Plates​

​A precise, closed-form analytical solution exists for determining the stresses at the boundary​
​of a circular hole in an infinite plate subjected to biaxial loading, including the specific case of​
​traction along one axis and compression along the orthogonal axis. This solution is a direct​
​and powerful application of the classical theory of linear elasticity, derived from the​
​foundational work of Ernst Gustav Kirsch in 1898.​​1​ ​While Kirsch's original analysis addressed​
​uniaxial tension, the principles of linear superposition allow for its extension to any arbitrary​
​biaxial stress state, providing a complete and exact description of the stress field under the​
​assumptions of the theory.​​3​

​The analysis of stresses around geometric discontinuities is a cornerstone of modern​
​structural integrity assessment and a subject of paramount importance in mechanical,​
​aerospace, civil, and materials engineering. In practical engineering design, features such as​
​holes, notches, and fillets are unavoidable; they may serve as access points for assembly,​
​interfaces for mechanical connections, or as a means of weight reduction.​​6​ ​However, these​
​geometric features disrupt the uniform flow of stress through a component, forcing the lines​
​of internal force to crowd together as they pass around the obstruction.​​5​ ​This phenomenon​
​creates localized regions of high stress, commonly referred to as stress concentrations or​
​stress raisers. The peak stress in these regions can be several times greater than the nominal​
​or average stress applied to the component far from the discontinuity.​​9​ ​These high-stress​
​zones are the primary locations for the initiation of material failure, most critically through the​
​nucleation and propagation of fatigue cracks under cyclic loading conditions.​​7​ ​Therefore, a​
​thorough understanding and accurate quantification of stress concentrations are essential for​



​robust design and the prevention of premature structural failure.​

​The specific loading scenario in question—tension along the x-axis and compression along​
​the y-axis—represents a significantly more severe stress concentration case than more​
​commonly analyzed conditions like uniaxial or equibiaxial tension. A critical aspect of this​
​problem, which will be elucidated in this report, is that the superposition of a compressive​
​stress, which might intuitively be expected to provide some measure of relief, actually​
​exacerbates​​the peak tensile stress at specific points​​around the hole's boundary. This is in​
​stark contrast to the case of equibiaxial tension, where applying a second tensile stress field​
​serves to smooth the stress flow and​​reduce​​the peak​​stress concentration from a factor of​
​three to a factor of two.​​3​ ​The tension-compression​​state, which is kinematically equivalent to a​
​state of pure shear, demonstrates a constructive interference of stress fields at the points of​
​highest tension. The compressive load along the y-axis itself generates tensile hoop stresses​
​at the "equator" of the hole (the points on the y-axis), which add directly to the tensile hoop​
​stresses generated by the primary tensile load along the x-axis. This summation results in a​
​stress concentration factor of four, marking this loading condition as one of the most​
​damaging among simple biaxial states.​​13​

​This report will provide an exhaustive and rigorous treatment of this problem. It will begin by​
​establishing the theoretical foundations within the theory of elasticity, proceed to the​
​systematic derivation of the general solution for biaxial loading via superposition, and then​
​apply this framework to solve the specific tension-compression case. A detailed analysis of​
​the resulting stress field, particularly the distribution of tangential stress at the hole boundary,​
​will be conducted. Finally, the profound and far-reaching implications of this heightened​
​stress state for engineering design, material yielding, and fatigue failure will be thoroughly​
​explored.​

​II. Theoretical Foundations: The Kirsch Solution and​
​the Principle of Superposition​

​The analytical solution for stresses around a circular hole is rooted in the mathematical​
​framework of two-dimensional (2D) linear elasticity. The validity and applicability of the​
​solution are contingent upon a set of well-defined assumptions regarding the material,​
​geometry, and loading conditions.​

​Governing Assumptions of 2D Elasticity​



​The Kirsch solution is predicated on the following idealizations​​1​​:​

​●​ ​Material Behavior:​​The material of the plate is assumed​​to be a linear, elastic,​
​homogeneous, and isotropic continuum.​
​○​ ​Linear Elasticity:​​Stress is directly proportional​​to strain (Hooke's Law), and the​

​material returns to its original shape upon removal of the load. This assumption​
​excludes nonlinear behaviors such as plasticity (material yielding) or viscoplasticity,​
​which become relevant when the induced stresses exceed the material's elastic​
​limit.​​16​

​○​ ​Homogeneity:​​The material properties (e.g., Young's​​modulus, Poisson's ratio) are​
​constant throughout the plate.​

​○​ ​Isotropy:​​The material properties are the same in​​all directions. This means the​
​solution does not directly apply to anisotropic materials like fiber-reinforced​
​composites, which exhibit direction-dependent properties and require a more​
​complex formulation.​​18​

​●​ ​Geometric Idealization:​​The plate is considered to​​be of infinite extent. This implies that​
​the outer boundaries of the plate are sufficiently far from the hole that they do not​
​interact with or alter the localized stress field around the hole.​​3​ ​This is a reasonable​
​approximation for cases where the hole diameter is very small compared to the width of​
​the plate. For finite-width plates, the proximity of the edges introduces additional effects,​
​and correction factors are necessary to obtain accurate results.​​5​

​●​ ​Dimensionality and Loading:​​The problem is analyzed​​as a two-dimensional system.​
​This is applicable under two specific conditions:​
​○​ ​Plane Stress:​​Assumed for thin plates, where the plate​​thickness is small compared​

​to the hole diameter. In this case, the stress component normal to the plate's surface​
​(σz​) is assumed to be zero throughout the thickness.​

​○​ ​Plane Strain:​​Assumed for thick plates, where the​​thickness is large compared to the​
​hole diameter, preventing strain in the thickness direction. In this case, the strain​
​component normal to the plate's surface (εz​) is assumed to be zero.​​1​

​Importantly, for an isotropic material, the resulting governing equations for the​
​in-plane stress components (σrr​, σθθ​, τrθ​) are identical for both plane stress and​
​plane strain conditions. The out-of-plane stress (σz​) will be zero for plane stress and​
​non-zero (σz​=ν(σrr​+σθθ​)) for plane strain, but this does not affect the in-plane​
​solution.​

​Coordinate Systems and Stress Components​



​Due to the circular geometry of the discontinuity, the problem is most naturally formulated in​
​a polar coordinate system (r,θ) with its origin at the center of the hole.​​19​ ​The radial coordinate​

​r measures the distance from the center, and the angular coordinate θ is measured​
​counter-clockwise from the positive x-axis (the direction of the applied tensile load). The​
​state of stress at any point (r,θ) is described by three in-plane components:​

​●​ ​σrr​: The radial stress, acting along the radial direction.​
​●​ ​σθθ​: The tangential or "hoop" stress, acting perpendicular to the radial direction, along​

​the circumference.​
​●​ ​τrθ​: The in-plane shear stress, acting in the r−θ plane.​

​The Classical Kirsch Solution for Uniaxial Tension​

​The foundation for solving all biaxial loading problems is the classical Kirsch solution for an​
​infinite plate with a circular hole of radius a subjected to a single, remote uniaxial tensile​
​stress, σ∞​, applied along the x-axis. This solution is derived by finding an appropriate Airy​
​stress function, Φ(r,θ), that satisfies the biharmonic equation (∇4Φ=0) and the boundary​
​conditions of the problem.​​13​ ​The boundary conditions​​are: (1) at the hole's edge (​

​r=a), the surface must be traction-free, meaning σrr​=τrθ​=0; and (2) at a large distance from​
​the hole (r→∞), the stress field must revert to the uniform uniaxial tension state.​

​The resulting stress components at any point (r,θ) in the plate are given by the following​
​canonical equations​​3​​:​

​σrr​=2σ∞​​(1−r2a2​)+2σ∞​​(1−4r2a2​+3r4a4​)cos(2θ)​
​σθθ​=2σ∞​​(1+r2a2​)−2σ∞​​(1+3r4a4​)cos(2θ)​
​τrθ​=−2σ∞​​(1+2r2a2​−3r4a4​)sin(2θ)​
​These equations form the fundamental building block for the analysis of more complex​
​loading scenarios.​

​The Principle of Superposition​

​The principle of superposition is a powerful tool in mechanics that is applicable to systems​
​governed by linear differential equations. Since the governing equations of elasticity are linear,​
​the stress and displacement fields resulting from a combination of loads can be found by​
​simply summing the fields produced by each load acting individually.​​3​ ​This principle allows the​



​complex problem of biaxial loading to be deconstructed into two separate and simpler uniaxial​
​loading problems, whose well-known solutions can be calculated and then combined​
​algebraically to yield the final, correct solution for the combined loading state. This approach​
​provides a rigorous and systematic pathway to solving the user's specific problem.​

​III. Derivation of the General Analytical Solution for​
​Biaxial Loading​

​Leveraging the principle of superposition, the analytical solution for a general biaxial stress​
​state can be constructed systematically from the classical Kirsch solution for uniaxial tension.​
​This involves decomposing the biaxial loading into two orthogonal uniaxial components,​
​solving each case, and then summing the results.​

​Systematic Construction via Superposition​

​The derivation proceeds in three steps:​

​1.​ ​Case A: Remote Stress σx​ along the x-axis.​
​This is the standard Kirsch problem. The far-field stresses are σx​ and σy​=0. The stress​
​components (σrr(A)​, σθθ(A)​, τrθ(A)​) are given directly by the equations presented in​
​Section II, with σ∞​ replaced by σx​:$$\sigma_{rr}^{(A)} = \frac{\sigma_x}{2} \left(1 -​
​\frac{a^2}{r^2}\right) + \frac{\sigma_x}{2} \left(1 - 4\frac{a^2}{r^2} + 3\frac{a^4}{r^4}\right)​
​\cos(2\theta) $$ $$ \sigma_{\theta\theta}^{(A)} = \frac{\sigma_x}{2} \left(1 +​
​\frac{a^2}{r^2}\right) - \frac{\sigma_x}{2} \left(1 + 3\frac{a^4}{r^4}\right) \cos(2\theta) $$​
​$$ \tau_{r\theta}^{(A)} = -\frac{\sigma_x}{2} \left(1 + 2\frac{a^2}{r^2} -​
​3\frac{a^4}{r^4}\right) \sin(2\theta)$$​

​2.​ ​Case B: Remote Stress σy​ along the y-axis.​
​This case involves a far-field stress state of σy​ and σx​=0. The solution can be obtained​
​by taking the solution from Case A and rotating the coordinate system by 90 degrees.​
​This is equivalent to replacing the angle θ with (θ−π/2). Applying trigonometric identities,​
​we find that cos(2(θ−π/2))=cos(2θ−π)=−cos(2θ) and sin(2(θ−π/2))=sin(2θ−π)=−sin(2θ).​
​Substituting these into the Case A equations (with σx​ replaced by σy​) gives the stress​
​components for Case B:$$\sigma_{rr}^{(B)} = \frac{\sigma_y}{2} \left(1 -​
​\frac{a^2}{r^2}\right) - \frac{\sigma_y}{2} \left(1 - 4\frac{a^2}{r^2} + 3\frac{a^4}{r^4}\right)​
​\cos(2\theta) $$ $$ \sigma_{\theta\theta}^{(B)} = \frac{\sigma_y}{2} \left(1 +​
​\frac{a^2}{r^2}\right) + \frac{\sigma_y}{2} \left(1 + 3\frac{a^4}{r^4}\right) \cos(2\theta) $$​



​$$ \tau_{r\theta}^{(B)} = +\frac{\sigma_y}{2} \left(1 + 2\frac{a^2}{r^2} -​
​3\frac{a^4}{r^4}\right) \sin(2\theta)$$​

​3.​ ​Combination for General Biaxial Loading (σx​,σy​).​
​The final stress field for the combined loading is found by summing the corresponding​
​components from Case A and Case B: σij​=σij(A)​+σij(B)​.​

​The General Biaxial Stress Field Equations​

​Performing the algebraic summation yields the master equations for the stress field around a​
​circular hole in an infinite plate under an arbitrary remote biaxial stress state (σx​,σy​).​​3​

​σrr​=2σx​+σy​​(1−r2a2​)+2σx​−σy​​(1−4r2a2​+3r4a4​)cos(2θ)​
​σθθ​=2σx​+σy​​(1+r2a2​)−2σx​−σy​​(1+3r4a4​)cos(2θ)​
​τrθ​=−2σx​−σy​​(1+2r2a2​−3r4a4​)sin(2θ)​
​These general equations are remarkably powerful, as they contain the solution for any​
​in-plane biaxial loading condition, including uniaxial tension (σy​=0), equibiaxial tension​
​(σx​=σy​), and the specific tension-compression case of interest.​

​The mathematical structure of these equations reveals a profound physical principle​
​regarding the nature of stress. Any general biaxial stress state can be mathematically and​
​physically decomposed into two fundamental components: a​​hydrostatic​​(or mean)​
​component and a​​deviatoric​​(or pure shear) component.​​The hole responds to each of these​
​components in a fundamentally different way.​

​The term (σx​+σy​)/2 represents the mean stress in the far field. In continuum mechanics, this​
​term is associated with a hydrostatic state of stress that causes a uniform change in volume​
​(expansion or contraction) without changing the shape of a material element. In the solution,​
​this hydrostatic term is multiplied by expressions like (1±a2/r2), which are purely functions of​
​the radial distance r and have no dependence on the angle θ. This mathematical form​
​demonstrates that the hydrostatic component of the far-field stress induces a perfectly​
​axisymmetric (rotationally symmetric) stress field around the hole. It is equivalent to applying​
​a uniform pressure to the plate.​

​Conversely, the term (σx​−σy​)/2 represents the maximum in-plane shear stress in the far field.​
​This deviatoric component is responsible for distortion, or the change in shape of a material​
​element. In the solution, this deviatoric term is multiplied by expressions that are strongly​
​dependent on the angle θ through the functions cos(2θ) and sin(2θ). This mathematical​
​structure shows that the shear component of the far-field stress induces a highly directional,​
​lobed stress field with a two-fold symmetry (quadrupolar).​

​Therefore, the analytical solution is not merely a set of formulas; it is a mathematical proof​



​that the complex stress pattern observed around a hole is the linear sum of two distinct​
​physical responses: a simple, circular response to the mean pressure component of the load,​
​and a complex, quadrupolar response to the shear component of the load. This​
​decomposition provides a much deeper physical understanding of why different biaxial stress​
​ratios produce such dramatically different stress concentration patterns.​

​IV. The Specific Solution: Traction on the X-Axis and​
​Compression on the Y-Axis​

​With the general biaxial solution established, the specific case of tensile stress (traction) on​
​the x-axis and compressive stress on the y-axis can be solved by applying the appropriate​
​far-field boundary conditions.​

​Applying the Boundary Conditions​

​Let the remote tensile stress along the x-axis be denoted by σx​=σT​ (where σT​>0), and the​
​remote compressive stress along the y-axis be denoted by σy​=σC​ (where σC​<0). To analyze​
​the most illustrative form of this loading, the case of "pure shear" is often considered, where​
​the magnitude of the tension and compression are equal, i.e., σT​=−σC​=S.​

​Substituting σx​=σT​ and σy​=σC​ into the general equations from Section III provides the​
​specific solution for the entire stress field under this loading condition.​

​Final Equations for the Tension-Compression Case​

​The stress components at any point (r,θ) are:​

​σrr​=2σT​+σC​​(1−r2a2​)+2σT​−σC​​(1−4r2a2​+3r4a4​)cos(2θ)​
​σθθ​=2σT​+σC​​(1+r2a2​)−2σT​−σC​​(1+3r4a4​)cos(2θ)​
​τrθ​=−2σT​−σC​​(1+2r2a2​−3r4a4​)sin(2θ)​



​Analysis at the Hole Boundary (r=a)​

​The region of greatest engineering interest is the boundary of the hole itself (r=a), where the​
​stress concentration is at its maximum. By setting r=a in the equations above, the terms​
​containing ratios of a/r become unity, leading to a dramatic simplification:​

​●​ ​σrr​(a,θ)=2σT​+σC​​(1−1)+2σT​−σC​​(1−4+3)cos(2θ)=0​
​●​ ​τrθ​(a,θ)=−2σT​−σC​​(1+2−3)sin(2θ)=0​
​●​ ​σθθ​(a,θ)=2σT​+σC​​(1+1)−2σT​−σC​​(1+3)cos(2θ)​

​The first two results, σrr​=0 and τrθ​=0, correctly confirm that the boundary condition of a​
​traction-free surface on the hole is satisfied by the solution.​​21​ ​The third equation gives the​
​distribution of the critical tangential (hoop) stress around the circumference of the hole and is​
​the central result of this analysis:​

​σθθ​(a,θ)=(σT​+σC​)−2(σT​−σC​)cos(2θ)​
​To place this result in the proper context, it is instructive to compare the hoop stress equation​
​for this case with those for other fundamental loading scenarios. The following table provides​
​a concise comparison, highlighting how the mathematical form of the solution changes with​
​the far-field stress state. This comparison immediately reveals the influence of each stress​
​component and clarifies why the resulting stress concentrations differ so significantly. For​
​instance, in the equibiaxial tension case, the term dependent on cos(2θ) vanishes, resulting in​
​a uniform stress around the hole. In contrast, for the pure shear case, the constant term​
​vanishes, leaving only a term dependent on cos(2θ), indicating a purely directional stress field.​

​Table 1: Governing Stress Equations at the Hole Boundary (r=a)​

​Loading Condition​ ​Far-Field Stresses​ ​Hoop Stress Equation:​
​σθθ​(a,θ)​

​Uniaxial Tension (x-dir)​ ​σx​=S,σy​=0​ ​S(1−2cos(2θ))​

​Equibiaxial Tension​ ​σx​=S,σy​=S​ ​2S​

​Tension-Compression​ ​σx​=σT​,σy​=σC​​ ​(σT​+σC​)−2(σT​−σC​)cos(2θ​
​)​

​Pure Shear (Special Case)​ ​σx​=S,σy​=−S​ ​−4Scos(2θ)​



​V. Analysis and Interpretation of the Stress​
​Distribution​

​A detailed analysis of the hoop stress distribution at the hole boundary provides a​
​quantitative understanding of the stress concentration and identifies the critical locations for​
​potential failure.​

​Tangential (Hoop) Stress Profile​

​The distribution of hoop stress around the hole's circumference is given by the equation​
​derived in the previous section:​

​σθθ​(a,θ)=(σT​+σC​)−2(σT​−σC​)cos(2θ)​

​The locations of the maximum and minimum stress values can be found by taking the​
​derivative with respect to θ and setting it to zero:​

​dθdσθθ​​=4(σT​−σC​)sin(2θ)=0​

​This condition is satisfied when sin(2θ)=0, which occurs at θ=0,π/2,π,3π/2 (or 0°, 90°, 180°,​
​270°). Evaluating the hoop stress at these specific angles reveals the extrema:​
​●​ ​Maximum Tensile Stress:​​This occurs at θ=π/2 and θ=3π/2​​(90° and 270°), where​

​cos(2θ)=−1. These are the points on the vertical diameter, perpendicular to the applied​
​tensile load.​
​σθθ,max​=(σT​+σC​)−2(σT​−σC​)(−1)=(σT​+σC​)+2(σT​−σC​)=3σT​−σC​​

​●​ ​Maximum Compressive Stress (Minimum Stress):​​This​​occurs at θ=0 and θ=π (0° and​
​180°), where cos(2θ)=1. These are the points on the horizontal diameter, aligned with the​
​applied tensile load.​
​σθθ,min​=(σT​+σC​)−2(σT​−σC​)(1)=−σT​+3σC​​

​Stress Concentration Factor (SCF), K_t​

​The Stress Concentration Factor, denoted Kt​, is a dimensionless parameter that quantifies the​
​severity of a stress raiser. It is formally defined as the ratio of the maximum stress at the​



​discontinuity to a nominal reference stress, which is typically the largest applied tensile stress​
​in the far field.​​3​ ​For this loading case, the reference​​stress is​

​σT​.​

​Kt​=σT​σθθ,max​​=σT​3σT​−σC​​=3−σT​σC​​​
​This general formula for Kt​ is particularly insightful because it explicitly shows that the stress​
​concentration is not a fixed value but depends directly on the biaxial load ratio, σC​/σT​.​​22​ ​For​
​the special case of pure shear, where​

​σC​=−σT​, the biaxial ratio is -1, and the stress concentration factor becomes:​

​Kt​=3−σT​−σT​​=3−(−1)=4​
​This result confirms that the tension-compression loading state produces a peak stress that is​
​four times the magnitude of the applied remote tension, a significantly higher concentration​
​than in the uniaxial (Kt​=3) or equibiaxial (Kt​=2) cases.​​9​ ​The following table distills these​
​quantitative findings, providing a direct comparison of the stress concentration factors for key​
​loading scenarios. This serves as a critical reference for designers to assess the relative​
​severity of different biaxial loading environments.​

​Table 2: Comparison of Stress Concentration Factors (K_t)​

​Loading Condition​ ​Biaxial Ratio (σy​/σx​)​ ​Max Hoop Stress​
​(σθθ,max​)​

​Stress​
​Concentration​
​Factor (Kt​)​

​Uniaxial Tension​ ​0​ ​3σT​​ ​3​

​Equibiaxial Tension​ ​1​ ​2σT​​ ​2​

​Pure Shear​
​(Tension-Compre​
​ssion)​

​-1​ ​4σT​​ ​4​

​General Biaxial​ ​σC​/σT​​ ​3σT​−σC​​ ​3−(σC​/σT​)​

​Visualizations of the Stress Field​



​To foster a more intuitive understanding of these results, it is helpful to visualize the stress​
​distribution.​

​1.​ ​Polar Plot of Hoop Stress:​​A polar plot of σθθ​(a,θ)​​versus the angle θ graphically​
​illustrates the stress variation around the hole's circumference. For the pure shear case​
​(σθθ​=−4Scos(2θ)), this plot would resemble a "four-leaf clover" or have a quadrupolar​
​shape. It would show two large positive (tensile) lobes centered at θ=90∘ and 270∘, and​
​two large negative (compressive) lobes of equal magnitude centered at θ=0∘ and 180∘.​​3​

​This visualization makes it immediately apparent where the tensile and compressive​
​peaks are located.​

​2.​ ​Contour Plot of Equivalent Stress:​​A two-dimensional​​color contour plot of an​
​equivalent stress, such as the von Mises stress, in the region surrounding the hole​
​provides a comprehensive view of the stress field. Such a plot would clearly show the​
​high-stress zones concentrated at the top and bottom of the hole (θ=±90∘) and at the​
​sides (θ=0∘,180∘). It would also visually demonstrate how the stress concentration is​
​highly localized, with the stress values decaying rapidly with increasing radial distance​
​from the hole, eventually returning to the far-field values.​​5​ ​This rapid decay is a key​
​characteristic of stress concentrations, indicating that their influence is confined to the​
​immediate vicinity of the geometric feature.​

​VI. Engineering Implications for Design and Failure​
​Prevention​

​The analytical solution, particularly the finding of a high stress concentration factor, has​
​profound and direct implications for the practical design and analysis of structural​
​components. These implications primarily relate to the onset of plastic deformation and, most​
​critically, the initiation of fatigue failure.​

​Limits of the Elastic Solution: Yielding and Plasticity​

​The entire framework of the Kirsch solution is built upon the assumption of linear elastic​
​material behavior. This means the solution is strictly valid only as long as the maximum​
​calculated stress in the plate remains below the material's yield strength, σyield​. The critical​
​condition to check is at the point of maximum stress:​

​σθθ,max​=3σT​−σC​≤σyield​​



​If the combination of applied loads causes this peak stress to exceed the yield strength, the​
​material at the edge of the hole (at θ=±90∘) will begin to yield and deform plastically. Once​
​yielding occurs, the linear elastic solution is no longer valid in the yielded region. The stress at​
​the peak location becomes capped at the yield strength, and any additional load is​
​redistributed to the adjacent material that is still in the elastic range.17 This phenomenon of​
​localized yielding and stress redistribution is a crucial concept for understanding the ultimate​
​static strength of a component. While it can prevent catastrophic failure under a single​
​overload, it complicates the analysis significantly. Quantifying the extent of the plastic zone​
​and the redistributed stress field requires more advanced techniques, such as nonlinear Finite​
​Element Method (FEM) analysis or specialized analytical models for elastic-plastic behavior.​

​Fatigue and Crack Initiation​

​The most critical engineering implication of stress concentrations arises in components​
​subjected to cyclic or fluctuating loads. Fatigue is a process of progressive, localized​
​structural damage that occurs when a material is subjected to repeated loading and​
​unloading. Even if the peak stress is below the material's ultimate tensile strength, or even its​
​yield strength, repeated cycles can lead to the initiation and propagation of a crack, ultimately​
​causing failure.​

​●​ ​Nucleation Sites:​​The points of maximum​​tensile​​hoop​​stress are the primary sites for​
​the initiation of fatigue cracks.​​12​ ​For the tension-compression​​loading case, these sites​
​are located at the top and bottom of the hole (​
​θ=±90∘). The high local stress range at these points acts to accelerate the microscopic​
​damage accumulation processes (such as slip band formation and micro-crack​
​nucleation) that constitute fatigue initiation.​

​●​ ​Severity of Tension-Compression Loading for Fatigue:​​The user's specified loading​
​condition is exceptionally damaging from a fatigue perspective. The high stress​
​concentration factor (Kt​=4 for pure shear) means that the local stress range experienced​
​by the material at the edge of the hole is four times the nominal applied tensile stress​
​range. According to typical S-N (Stress-Life) curves for engineering materials, fatigue life​
​is highly sensitive to the stress amplitude (often following a power-law relationship). A​
​four-fold increase in the local stress range can lead to a reduction in fatigue life by​
​orders of magnitude compared to a smooth, un-notched component.​

​●​ ​Biaxial Effects on Crack Growth:​​The analysis of fatigue​​does not end with crack​
​initiation. The biaxial nature of the stress field also influences the subsequent​
​propagation of the crack. While the initial crack will likely form perpendicular to the​
​direction of maximum tensile stress (i.e., growing horizontally from the top and bottom of​
​the hole), its subsequent path and growth rate are complex. The presence of the​
​perpendicular compressive stress during part of the load cycle can induce a​



​phenomenon known as "crack closure," where the crack faces are pushed together. This​
​can effectively reduce the stress intensity range experienced at the crack tip, potentially​
​slowing down the crack growth rate. However, the overall multiaxial stress state governs​
​the failure criterion at the crack tip, and a comprehensive analysis requires the​
​application of advanced fracture mechanics principles.​​22​

​The 2D analytical solution provides the foundational stress concentration factor, but it is an​
​idealized model. In real components with finite thickness, three-dimensional effects become​
​important. Research has shown that the stress concentration factor is not constant through​
​the plate's thickness; it varies, and this variation is strongly dependent on the biaxial load​
​ratio.​​23​ ​For equibiaxial loading, the SCF is nearly​​constant through the thickness. However, for​
​other biaxial ratios, especially pure shear, the variation can be significant, with the peak stress​
​sometimes occurring not on the free surface but slightly inside the plate's mid-plane. For​
​thick plates under pure shear, this through-thickness variation can be as high as 26.5%.​​23​ ​This​
​has two critical practical consequences. First, a designer relying solely on the 2D solution's​

​Kt​=4 might underestimate the true peak stress if it occurs subsurface. Second, the location of​
​the true peak stress—whether on the surface or in the interior—profoundly impacts failure​
​analysis and inspection strategies. A surface-initiated crack may be detectable with visual or​
​surface-based non-destructive evaluation (NDE) techniques, whereas a subsurface crack​
​initiation site would be much more difficult to detect, potentially leading to an unexpected​
​failure. This crucial link between the idealized 2D theory and real-world 3D behavior​
​underscores the need for careful consideration of thickness effects in critical applications.​

​VII. Concluding Summary and Design​
​Recommendations​

​This report has presented a comprehensive analytical solution for the stress distribution​
​around a circular hole in an infinite, linearly elastic plate subjected to a biaxial loading state of​
​tension on one axis and compression on the orthogonal axis.​

​Concise Summary of Findings​

​1.​ ​Existence of an Analytical Solution:​​A definitive,​​closed-form analytical solution exists,​
​derived from the classical Kirsch solution through the principle of linear superposition.​

​2.​ ​Governing Stress Equation:​​The critical tangential​​(hoop) stress at the boundary of the​



​hole (r=a) is described by the equation: σθθ​(a,θ)=(σT​+σC​)−2(σT​−σC​)cos(2θ).​
​3.​ ​High Stress Concentration:​​This specific loading condition​​results in a severe stress​

​concentration. The stress concentration factor, Kt​=3−(σC​/σT​), reaches a value of 4 for the​
​case of pure shear (σC​=−σT​). This is significantly higher than for uniaxial tension (Kt​=3)​
​or equibiaxial tension (Kt​=2).​

​4.​ ​Critical Locations for Failure:​​The maximum tensile​​stresses occur at the points on the​
​hole's diameter that are perpendicular to the direction of the applied tensile load​
​(θ=±90∘). These locations are the primary sites for yielding and the initiation of fatigue​
​cracks. The maximum compressive stresses occur on the diameter aligned with the​
​tensile load.​

​Actionable Design Recommendations​

​Based on this rigorous analysis, the following practical guidance is provided for engineers and​
​designers dealing with components under this loading condition:​

​●​ ​Quantify the Risk:​​The first and most crucial step​​is to use the equations provided in this​
​report to calculate the peak stress (σθθ,max​=3σT​−σC​) for the specific values of tensile​
​(σT​) and compressive (σC​) stress in the application. This calculated peak stress must​
​then be compared against the material's critical properties:​
​○​ ​For static loading, compare σθθ,max​ to the material's yield strength (σyield​) to​

​assess the risk of plastic deformation.​
​○​ ​For cyclic loading, compare the local stress range at the hole to the material's fatigue​

​endurance limit or use it in a fatigue life calculation based on the material's S-N​
​curve.​

​●​ ​Implement Mitigation Strategies:​​If the calculated​​peak stress is determined to be​
​unacceptably high, several design modifications can be considered to reduce the stress​
​concentration:​
​○​ ​Geometric Modifications:​​While the shape is fixed​​as a circular hole in this analysis,​

​for non-circular cutouts, increasing fillet radii at sharp corners is a highly effective​
​method of reducing stress concentrations.​

​○​ ​Local Reinforcement:​​Adding reinforcing elements,​​such as bonded or fastened​
​rings or patches around the hole, can help to carry some of the load and reduce the​
​stress experienced by the plate material at the hole boundary.​​29​

​○​ ​Stress-Relieving Features:​​In some cases, the strategic​​placement of smaller,​
​auxiliary holes near the primary hole can modify the stress flow in a way that reduces​
​the peak stress at the primary hole.​​25​

​●​ ​Material Selection:​​For applications where such severe​​stress states are unavoidable,​
​careful material selection is paramount. Materials with high fracture toughness and​
​superior fatigue resistance should be specified to provide a greater tolerance to the high​



​localized stresses and delay the initiation and propagation of cracks.​
​●​ ​Use of Advanced Analysis Tools:​​The analytical solution​​presented here is exact for an​

​idealized infinite plate. For real-world components with finite dimensions, complex​
​geometries, or multiple interacting features, and particularly when plastic deformation is​
​expected, the analytical solution serves as an essential first-order approximation and a​
​vital tool for validating more complex models. However, a detailed and accurate analysis​
​of such components strongly warrants the use of numerical methods, primarily the Finite​
​Element Method (FEM). FEM allows for the precise modeling of finite geometries,​
​material plasticity, and other nonlinearities, providing a more realistic prediction of the​
​stress state and structural performance.​​11​
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